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Ðàññìîòðèì çàäà÷ó èç ïîñîáèÿ ïîä ðåäàêöèåé È.Â.ßùåíêî,

Ìàòåìàòèêà, Ïðîôèëüíûé óðîâåíü, 50 âàðèàíòîâ, 2022ã.:

Âàðèàíò 12, �17. Íàéäèòå âñå çíà÷åíèÿ a, ïðè êîòîðûõ óðàâíåíèå

(3a− 1)x2 − 2axy + (3a− 1)y2 + (x + 1)|y | − (y + 1)|x | = 0

èìååò õîòÿ áû îäíî íåíóëåâîå ðåøåíèå, è äëÿ ëþáîãî åãî ðåøåíèÿ

x = α, y = β âåðíî, ÷òî è x = β, y = α � òîæå ðåøåíèå.

Ïîæàëóéñòà, çàïèñûâàåì óñëîâèå è êëèêàåì Enter (èëè PageDown, èëè

êîë¼ñèêî). Äàëåå, àíàëîãè÷íî, ïîñëå êàæäîé ïàóçû çàïèñûâàåì ñâî¼

ðåøåíèå è êëèêàåì, ñâåðÿåìñÿ.
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Ðåøåíèå.

1) Ðàññìîòðèì ñëó÷àé, êîãäà α = β ̸= 0, (x = α, y = β), îòñþäà
ïîëó÷èì

(4a− 2)α2 = 0 ⇒ a =
1

2
� óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.

2) Ðàññìîòðèì ñëó÷àé, êîãäà α ̸= β. Ïðè ýòîì α, β íå ðàâíû

îäíîâðåìåííî 0 (ïî óñëîâèè çàäà÷è).

Ïóñòü F (x ; y) = (3a− 1)x2 − 2axy + (3a− 1)y2.
Î÷åâèäíî, F (x ; y) = F (y ; x).
Òîãäà {

F (α;β) + (α+ 1)|β| − (β + 1)|α| = 0
F (α;β) + (β + 1)|α| − (α+ 1)|β| = 0
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Îòñþäà ïîëó÷àåì íåîáõîäèìûå óñëîâèÿ

(α+ 1)|β| = (β + 1)|α| (1)

Åñëè äîïóñòèì, ÷òî âîçìîæíî α = 0, β ̸= 0, òî ïîëó÷èì ïðîòèâîðå÷èå

(β = 0).
Òàêèì îáðàçîì, α ̸= 0, β ̸= 0. Ðàñêðûâàÿ ìîäóëè äëÿ ðàçíûõ çíàêîâ

α, β, ïîëó÷èì ëèáî α = β (ïðîòèâîðå÷èò α ̸= β), ëèáî

α+ β = −2βα ̸= 0 ⇒ α ̸= −β

Äàëåå, ðàññìàòðèâàÿ

α+ β + 2βα = 0

α = −1
2 + 1

2(2β + 1)
> −1

2
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Ïîëó÷àåì íåîáõîäèìûå óñëîâèÿ íà α, β, ýêâèâàëåíòíûå (1):
α+ β + 2βα = 0

−1
2 < α < 0 (2)

β > 0

α ̸= −β

Ïîñòðîèì ãðàôèê ôóíêöèè:

φ(α) =
α+ 1

|α|
⇒ φ(α) =

{
−1− 1/α, α < 0

1 + 1/α, α > 0

Ãðàôèê ôóíêöèè ñòðîèì ñàìîñòîÿòåëüíî (ñâåðêà íà ñëåäóþùåé

ñòðàíèöå).
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Ðèñ.: φ(α) = α+ 1
|α|
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Î÷åâèäíî, ðåøåíèå óðàâíåíèÿ φ(α) = φ(β) ñóùåñòâóåò ïðè
−1/2 < α < 0, β > 0, α ̸= −β.
Òàêèì îáðàçîì, ïðè óñëîâèè (2) ïîëó÷àåì ìíîæåñòâî ïàð (α;β),
êîòîðûå óäîâëåòâîðÿþò ñîîòíîøåíèþ φ(α) = φ(β).
Äëÿ ýòèõ ïàð (α;β) íåîáõîäèìî íàéòè òàêèå çíà÷åíèÿ ïàðàìåòðà a,
÷òî áóäåò ñóùåñòâîâàòü íåíóëåâîå ðåøåíèå ñèñòåìû:

−1/2 < α < 0

β > 0

α ̸= −β

(3a− 1)α2 − 2aαβ + (3a− 1)β2 = 0

Î÷åâèäíî, a = 1
3 íå óäîâëåòâîðÿåò ñèñòåìå. Ðàññìîòðèì a ̸= 1

3 .
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Ââîäÿ íîâóþ ïåðåìåííóþ t = α/β, ñâåä¼ì ðåøåíèå äàííîé ñèñòåìû ê

ýêâèâàëåíòíîé: 
t2 − 2a

(3a− 1)
t + 1 = 0

t < 0 (3)

t ̸= −1

Ïî ò.Âèåòà, î÷åâèäíî, îáà êîðíÿ ìåíüøå 0, ò.î. èñêëþ÷àåì ñëó÷àé

t1 < 0 < t2.
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t1 < 0 < t2.
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Ïóñòü Y (t; a) = t2 − 2a
(3a− 1)

t + 1. Ðàññìîòðèì ïðè êàêèõ çíà÷åíèÿõ

ïàðàìåòðà Y (−1; a) = 0. Î÷åâèäíî, ïðè a = 1
4 .

Ïðè a = 1
4 ⇒ Y (t; 14) = (t + 1)2.

Òàêèì îáðàçîì, ïðè a = 1
4 óñëîâèå çàäà÷è íå âûïîëíÿåòñÿ (ïîëó÷èì

t = −1).
Îòñþäà, ðåøåíèå ñèñòåìû (3) äîïîëíÿåòñÿ óñëîâèåì a ̸= 1

4 . Ýòî

ýêâèâàëåíòíî ñîâîêóïíîñòè óñëîâèé:
D = 4(a2 − (3a− 1)2) ⩾ 0

− B
2A = − −2a

2(3a− 1)
< 0 (4)

a ̸= 1
4
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Ðåøàÿ ñèñòåìó (4), ïîëó÷àåì:
1
4 < a < 1

2

0 < a < 1
3

⇒ 1

4
< a <

1

3

Îòâåò. a ∈
{
1
2

}
∪ (14;

1
3)
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