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Ðàññìîòðèì çàäà÷ó ñ Îëèìïèàäû �Ïîêîðè Âîðîáüåâû ãîðû� 2011ã.,
î÷íûé òóð:

Íàéäèòå âñå çíà÷åíèÿ a, ïðè êàæäîì èç êîòîðûõ óðàâíåíèå

x3 − ax2 − (a3 − 6a2 + 5a+ 8)x − (a− 3)3 = 0

èìååò òðè ðàçëè÷íûõ êîðíÿ, îáðàçóþùèõ ãåîìåòðè÷åñêóþ

ïîñëåäîâàòåëüíîñòü. Íàéòè ýòè êîðíè.

Ïîæàëóéñòà, çàïèñûâàåì óñëîâèå, ðåøàåì çàäà÷ó (15-30 ìèí.
äîñòàòî÷íî). Ñâåðÿåìñÿ ñ îòâåòîì:
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Äëÿ ñâåðêè/ïðîñìîòðà êëèêàåì Enter (èëè PageDown, èëè êîë¼ñèêî).
Ïîñëå êàæäîé ïàóçû çàïèñûâàåì ñâî¼ ðåøåíèå è êëèêàåì, ñâåðÿåìñÿ.

Ðåøåíèå. Ïóñòü x1, x2, x3 � êîðíè óðàâíåíèÿ, îáðàçóþùèå
ãåîìåòðè÷åñêóþ ïîñëåäîâàòåëüíîñòü. Òîãäà x22 = x1x3.
Ïî ò.Âèåòà (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x1 + x2 + x3 = a

x1x2 + x2x3 + x3x1 = −(a3 − 6a2 + 5a+ 8)

x1x2x3 = (a− 3)3

Äàëåå, ðàññìîòðèòå óñëîâèå ïî ãåîìåòðè÷åñêîé ïîñëåäîâàòåëüíîñòè.
Ó÷èòûâàÿ x22 = x1x3, ïîëó÷àåì x32 = (a− 3)3, èëè x2 = a− 3.
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Òàêèì îáðàçîì, ïîëó÷àåì ñèñòåìó (çàïèñûâàåì)
x1 + x3 = 3
x1x3 + (x1 + x3)x2 = −(a3 − 6a2 + 5a+ 8)
x2 = a− 3

èëè (ïîëó÷àåì óðàâíåíèå äëÿ ïàðàìåòðà a)
x1 + x3 = 3
(a− 3)2 + 3(a− 3) = −(a3 − 6a2 + 5a+ 8)
x2 = a− 3

Èç âòîðîãî óðàâíåíèÿ ïîëó÷èì (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

a3 − 5a2 + 2a+ 8 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
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Âíà÷àëå ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1, ±2, ±4, ±8}

Íàéäÿ êîðåíü a = −1, íàéäèòå îñòàëüíûå äâà èç êâàäðàòíîãî
óðàâíåíèÿ (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ). Êîðíè a ∈ {−1, 2, 4}.
Òàêèì îáðàçîì, ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ äëÿ ïàðàìåòðà a, ò.å.
èñêîìûå äëÿ óðàâíåíèÿ çíà÷åíèÿ ïàðàìåòðà ñîäåðæàòñÿ â ìíîæåñòâå
{−1, 2, 4}.
Áóäåò ëè ýòî îòâåòîì?
Íåîáõîäèìà ïðîâåðêà íà äîñòàòî÷íîñòü ýòèõ çíà÷åíèé, ò.å. êàêèå
çíà÷åíèÿ ïàðàìåòðà èç ýòîãî ìíîæåñòâà óäîâëåòâîðÿþò èñõîäíîìó
óðàâíåíèþ.
Ïîñëåäîâàòåëüíî ïðîâåðÿåì âñå çíà÷åíèÿ èç ïîëó÷åííîãî ìíîæåñòâà.
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1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

1) Ïóñòü a = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 + x2 + 4x + 64 = 0

Íàõîäèì ñàìîñòîÿòåëüíî êîðíè óðàâíåíèÿ (ðåøàåì, ïîòîì ñâåðÿåìñÿ).
Ïðîâåðÿåì íàëè÷èå ðàöèîíàëüíûõ êîðíåé èç ìíîæåñòâà

p

q
= {±1,±2,±4,±8,±16,±32,±64}

Íàõîäèì, x = −4. Ïîíèæàåì ñòåïåíü ìíîãî÷ëåíà è óáåæäàåìñÿ, ÷òî
äðóãèõ äåéñòâèòåëüíûõ êîðíåé íåò

(x + 4)(x2 − 3x + 16) = 0

Òàêèì îáðàçîì, a = −1 íå óäîâëåòâîðÿåò óñëîâèþ çàäà÷è (äîëæíî
áûòü òðè ðàçëè÷íûõ êîðíÿ).

msu@math-lab.ru, Ðàìèëü 11 äåêàáðÿ 2021 ã. 5 / 7



https://ðåïåòèòîð-ìãó.ðô/

2) Ïóñòü a = 2. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)

x3 − 2x2 − 2x + 1 = 0

Î÷åâèäåí êîðåíü x = −1. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì
ñâåðÿåìñÿ)

(x + 1)(x2 − 3x + 1) = 0

Îòñþäà (çàïèñûâàåì çíà÷åíèÿ íåèçâåñòíîãî x , ñâåðÿåìñÿ)

x1 =
3−

√
5

2
, x2 = −1, x3 =

3 +
√
5

2

Âñå òðè êîðíÿ óäîâëåòâîðÿþò óñëîâèþ ãåîìåòðè÷åñêîé ïðîãðåññèè.
Îòñþäà, ïàðàìåòð a = 2 óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.
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3) Ïóñòü a = 4. Ïîëó÷àåì óðàâíåíèå (çàïèñûâàåì, ïîòîì ñâåðÿåìñÿ)
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Âñå òðè êîðíÿ óäîâëåòâîðÿþò óñëîâèþ ãåîìåòðè÷åñêîé ïðîãðåññèè.
Òàêèì îáðàçîì, ïàðàìåòð a = 4 óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.

Îòâåò. Ïðè a = 2, x1 =
3−

√
5

2 , x2 = −1, x3 =
3 +

√
5

2 ;

ïðè a = 4, x1 =
3−

√
5

2 , x2 = 1, x3 =
3 +

√
5

2 .
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x3 − 4x2 + 4x − 1 = 0

Î÷åâèäåí êîðåíü x = 1. Ïîëó÷àåì (x − 1)(x2 − 3x + 1) = 0.
Îòñþäà, êîðíè

x1 =
3−

√
5

2
, x2 = 1, x3 =

3 +
√
5

2

Âñå òðè êîðíÿ óäîâëåòâîðÿþò óñëîâèþ ãåîìåòðè÷åñêîé ïðîãðåññèè.
Òàêèì îáðàçîì, ïàðàìåòð a = 4 óäîâëåòâîðÿåò óñëîâèþ çàäà÷è.

Îòâåò. Ïðè a = 2, x1 =
3−

√
5

2 , x2 = −1, x3 =
3 +

√
5

2 ;

ïðè a = 4, x1 =
3−

√
5

2 , x2 = 1, x3 =
3 +

√
5

2 .
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